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Abstract

We study a seat allocation problem in public transportation with potential seating
restrictions. We first demonstrate that the commonly used procedure suffers from
significant drawbacks, including welfare losses due to unfilled seats. We then introduce
a new mechanism that addresses these deficiencies while also satisfying several other
desirable properties under various seating restrictions. We also show that our proposed
mechanism ensures that the maximum number of agents are seated while respecting

agents’ preferences and priority rankings.
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1 Introduction

Introduced by (Gale and Shapley]| (1962)), the matching theory has found profound appli-

cations in areas such as school choice, medical residency matching, dormitory assignments,
and organ exchanges. This study brings a new class of practical problems, capturing seat

allocation in public transportation, as well as some other related applications, into the realm

of matching, hence extending the scope of matching literature.!

In practice, seat reservations for public transportation are typically governed by the First-
Come-First-Served (FCFS) principle, whose spirit promotes early bookings by prioritizing
them. Under this principle, a common reservation system allows passengers to view available
seats based on their login time and select their preferred seat. We refer to this allocation
scheme as the Myopic Serial Dictatorship (M SD). For instance, the screenshots below illus-

trate such booking systems, one from Turkish intercity railways and another from intercity

bus transportation in India.

Figure 1: A Screenshot from the Turkish Railway Booking System
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"'While seat allocation in public transportation will be the running theme of the study, we briefly discuss
other applications throughout the paper, as well.
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Figure 2: A Screenshot from the Indian Intercity Bus Booking System
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While the intention behind the FCFS principle is to favor early bookers, its current
implementation not only fails to achieve this goal, but also exhibits undesirable properties in
terms of fairness, efficiency, and strategic aspects. Although it may appear reasonable at first
glance, its shortcomings arise from ignoring the externalities associated with the desirability
of having adjacent empty seats. This highlights the need for research on seat allocation from
a mechanism design perspective.

To address this gap, we formulate a seat allocation problem within the framework of
matching theory. We consider finite sets of agents and seats to be allocated among them
such that each agent receives at most one seat, and no seat is assigned to more than one

agent. The seats are grouped into pairs, with each pair making up a row.2

Following the
FCFS principle, the problem incorporates priority ordering over agents, where those with
earlier bookings are given higher priority.?

Agents have rankings over seats, but their preferences for matchings are also influenced

by externalities. Specifically, regardless of their individual rankings, agents always prefer

2In Section |5, we note that our analysis can be extended to scenarios involving three-seat groups with
some adjustments.
3Tt is worth mentioning that priority ordering might be determined through different criteria.



matchings in which their adjacent seats are empty.* When their adjacent seats are either
empty or occupied, agents then rely on their individual seat rankings to evaluate matchings.

In order to capture some realistic seating restrictions, we let our formulation feature a
seating-restriction function, which specifies which agent types cannot be seated in the same
row. We assume that each agent belongs to one of the two types, depending on the applica-
tion. For instance, in an immunity status based seating, the agent types might correspond to
vaccinated /unvaccinated, with the restriction function prohibiting two unvaccinated agents
from being seated next to each other.’ Similarly, for gender-segregated seating, types might
be male/female, and the restriction function might prevent pairs of opposite genders from
sitting in the same row (as seen in the booking systems mentioned earlier). Finally, if poli-
cymakers aim to achieve integration among different types, then only the different types of
agents might be allowed to be seated in the same row.® The restriction function can also be
void, representing an unrestricted case.”

The central objective is to seat as many agents as possible while complying with seating
restrictions. Guided by this objective and the FCFS principle—where earlier bookings are

given priority in seat selection—we propose a stability notion for matchings. A matching is

deemed stable if:

(a) no additional agent can be seated without unseating someone with a higher priority,

and

(b) no seated agent can improve her outcome without unseating someone else or disadvan-

4In practice, many airlines allow passengers to purchase their adjacent seats to keep them empty. See:
https://thepointsguy.com/news/buy-second-airplane-seat/,

°During COVID-19 pandemic, airlines considered implementing vaccination passports. See https:
//www.nbcnews.com/business/travel/next-frontier-air-travel-digital-passports-proofvaccin
ation-n1261338.

®Such objectives can be seen in classroom seating plans (Hoekstra et al., |2023)) and on-campus housing
(Albuja et al., |2024).

‘In addition to seat allocation, policymakers might impose restrictions in matching problems based on
agent types. For example, in many dormitory assignment practices, smokers/non-smokers are not assigned
to the same room. See: https://admittedstudents.ecu.edu/housing-dining/ and https://www.bart
on.edu/wp-content/uploads/2024/03/2024-2025-Housing-Contract-FINAL.pdf. As another example,
in hospital bed allocation during a pandemic where a patient with a contagious illness cannot be assigned
to the same room as other patients without contagious illness.
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taging a higher-priority agent.

This stability notion ensures that the maximum number of agents is seated while re-
specting agents’ preferences and priority rankings. Our results show that MSD leads to
avoidable empty seats under seating restrictions, even when stability is enforced. Moreover,
M S D fails to satisfy each of stability, strategy-proofness,® and efficiency” in both restricted
and unrestricted settings.!”

Given the significant shortcomings of M .S D, we introduce a new mechanism called “Adap-
tive Serial Dictatorship” (ASD). Under ASD, agents are assigned their most preferred seat
from a dynamically constructed constraint set, one by one, according to their priority order.
The key innovation in ASD lies in the dynamic adjustment of each agent’s constraint set,
which accounts for the prior seat assignments and the types of lower-priority agents.

We demonstrate that AS D satisfies stability, efficiency, and strategy-proofness regardless
of the seating restrictions. ASD ensures that no seat remains unoccupied when different
types of agents are allowed to be seated in the same row.! When only agents of the same
type are allowed to be seated in the same row, ASD yields at most one unoccupied seat.
ASD is the only stable mechanism, ensuring the assignment of the maximum number of
seats under stability, unlike M SD. Furthermore, ASD creates a strong incentive to make
reservations earlier as no agent would prefer to delay booking under this mechanism.

Although our theoretical results show that ASD performs better than M SD in all dimen-
sions we consider, they do not quantify the possible gains that can be achieved by replacing
MSD with ASD. In Appendix [D] we use simulations to measure the gain from this re-
placement in terms of the number of assigned passengers and the elimination of stability
violations.

An important issue is the implementation of ASD in practice. First, it needs to elicit

8 A mechanism is strategy-proof if no agent ever has an incentive to misreport their preferences.

9A mechanism is efficient if no other outcome is ever unanimously preferred to its outcome; otherwise,
it is inefficient.

10We obtain these negative results for each possible seating restriction.

HNotice that this includes the unrestricted case.



passengers’ preferences over seats. Therefore, they are asked to submit their rankings upon
their arrival (i.e., by logging into the relevant website or showing up at an agency). Given
a group of passengers, ASD can immediately tell whether the next passenger upon his/her
arrival can be seated. However, it cannot tell the assigned seat right away, as ASD needs
to gather the whole pool by a certain deadline, say the departure time, and only then can
it allocate seats. Therefore, passengers will learn whether they can make a reservation by
their arrival without any immediate information about the seat assignment. They will learn
their exact seat assignments before departure, and ASD ensures that the seat assignments
will be desirable on many grounds.

The rest of this paper proceeds as follows. Section [2| reviews the relevant literature.
Section [3| defines the seat allocation problem and the axioms used in our analysis. In Section
[], we provide our results in both restricted and unrestricted cases. Section [5] concludes with
possible extensions of our analysis and the implementation of the proposed mechanism in

practice.

2 Related Literature

Matching theory has been applied to many real-life markets, including school choice
(Balinski and Sonmez|, |1999; |Abdulkadiroglu and Sonmez|, |2003; |Abdulkadiroglu et al., [2009;
Kesten, 2010), organ exchange (Roth et al., 2004; Ergin et al., [2017)), refugee resettlement
(Trapp et al., [2020)), and cadet-branch matching (Sonmez and Switzer, 2012). To the best of
our knowledge, this paper is one of the first applications of matching theory to the seat allo-
cation problem in public transportation. While there is no closely related paper, our model
exhibits externalities,'? hence, it is generally related to the matching with externalities liter-
ature. [Sasaki and Toda/ (1996)) define a stability notion where the blocking agents consider all
possible reactions from others. They show a stable matching always exists whenever agents

consider the worst-case scenarios. [Fisher and Hafalir| (2016) consider a one-to-one matching

12Passengers’ welfare is affected by the others’ seat assignments.



problem where agents ignore the externalities caused by their actions. They find some con-
ditions under which a stable matching always exists. Hafalir| (2008) formulates a marriage
problem incorporating endogenous beliefs about others’ reactions to a blocking pair. He pro-
poses a specific belief formation that guarantees the existence of a stable matching. |Bando
(2012) considers a many-to-one matching setting where only the firm preferences exhibit ex-
ternalities and introduces a stability notion eliminating further deviations within a blocking
coalition. The author identifies some conditions ensuring the existence of a stable matching.
In the same setting, Bando (2014)) introduces a deferred-acceptance-based mechanism to find
a stable matching.

Pycia and Yenmez| (2022) extend the classical substitutes condition to a two-sided match-
ing with externalities setup and obtain it as a sufficient and necessary (in the maximal domain
sense) condition for the existence of a stable matching. The key conditions for the existence
of a stable matching in |Pycia and Yenmez (2022), Bando (2012)), and [Fisher and Hafalir
(2016)) do not hold in our setting (see Footnote [19). However, we still obtain existence be-
cause of our stability definition. Their stability concept is an equilibrium notion, eliminating
any beneficial reassignments. On the other hand, ours is a fairness concept, eliminating
reassignment proposals by an agent that benefit themselves while neither harming anyone
with higher priority nor yielding an additional unseated agent.

In a general one-sided matching framework covering both transferable and non-transferable
utility cases, Rostek and Yoder| (2020) introduce a complementarity condition ensuring that
a selected contract is never rejected after new contracts become available. Under this con-
dition, Rostek and Yoder| (2020) obtain that a stable matching always uniquely exits. We
also obtain the uniqueness of stable matching, however, their condition does not hold in our
setup.'® [Echenique and Yenmez (2007) consider a college assignment problem where stu-
dents are interested in not only the colleges they are assigned to but also their peers at their

colleges. They propose a fixed-point algorithm to find a core assignment whenever it exists.

I3For instance, whenever only one available seat is left, a passenger chooses it. However, she may very
well not select it whenever there are other available seats as well.



In a coalition formation setting, |[Pycia (2012)) allows for peer effect and complementarities
and identifies a condition to guarantee a core assignment exists.

In addition to externalities, the other key feature of our model is the seating restrictions.
There is an extensive literature on matching with constraints. Kamada and Kojima (2015)
consider a two-sided matching problem where hospitals are partitioned into regions, and
regions have caps to restrict the number of doctors assigned to these regions. In the same
setup, Kamada and Kojima, (2016]) address a more general class of constraints restricting the
number of assigned doctors at each hospital depending on those at the other hospitals. They
both introduce stability notions and pursue mechanism designs. Note that none of these
constraint sets include ours, as agent-types matter to ours. On the other hand, Kamada and
Kojima (2020) consider a class of constraints restricting the group of doctors each hospital
can be assigned a priori. While the doctors’ identities play a role here, the constraints are
hospital specific. This is not the case in our setting as the constraint on each seat (hospital
with a unit capacity) depends on the type of the agent seated at its adjacent. Kamada and
Kojima (2020)) characterize the subclass of their constraint set under which a doctor-optimal
stable matching exists. Apart from the differences between the constraint classes covered in
these papers and ours, none of them exhibit externalities.

Another paper from the matching literature we want to discuss is |Kominers and Sonmez
(2016)). They introduce a new class of matching problems, capturing the airline-seat upgrade
as its application. This problem is entirely different from ours. Instead of considering
seat assignments, it addresses the means (cash payment, elite status, or miles) of seat-class
upgrade and shows that [Kominers and Sonmez| (2016))’s model can be applied to assigning
agents’ upgrade requests to these means.

Outside the matching setting, there is a body of literature on the seat allocation problem
but from a completely different perspective from ours. This literature mainly studies how
to increase revenue from seat sales. [Yuan and Nie (2020) investigate how seat-grouping

in trains should be done based on consumer behavior to increase revenue. |[Sawaki| (1989)



considers a price discrimination model and finds the optimal number of seats that should

be sold for a low fare to maximize the expected revenue. [Freisleben and Gleichmann| (1993))

study overbooking predictions to decrease the empty seats in flights.

3

Model

In this section, we first introduce the seat allocation problem. Then, we provide the

axioms used in our analysis.

3.1

Seat Allocation Problem

Let (N, S, >, =, m) be a seat-allocation problem described below.

N and S are nonempty sets of agents and seats, respectively.

Each agent is either of two types with a type space T = {t1,t,}.1* We write i for
the type of agent i. We denote the set of type t; and t, agents by N and N2,

respectively.!®

> is the priority ordering over the agents such that the earlier an agent makes a
reservation, the higher priority she has.! We write i = j if agent i has a higher priority

than agent j.
Each agent i has a strict ranking >>; over S. Let > = (I>;);en be the ranking profile.

m:T xT — {0,1} is a seating-restriction function such that 7 (¢,#') = 1 indicates
that agents of types ¢t and ¢’ can be seated next to each other, and 7 (¢,t') = 0 indicates

otherwise. We have w(t,t') = w(t',t) for each pair (¢t,t') € T x T. We say that a

4These types may differ in applications. For instance, in an immunity-based seating restriction, ¢; and
to can be vaccinated and unvaccinated, respectively. In a gender-based restriction, they can be man and
woman. In other applications, such as dorm assignments, they can be smokers and non-smokers.

5By construction, N = N*t U N*2 and N* N N2 = {).

6Priority ordering may depend on other criteria under other applications.



type t is compatible with ¢’ if 7(¢,¢') = 1, and incompatible otherwise. In order to

eliminate triviality, we assume that 7(¢,¢') = 1 for some (¢,¢') € T x T.'7

Let N = {iy,..,7,} be an agent-ordering such that for each k < k’, iy > is. In the rest
of the paper, we use this ordering unless otherwise stated. Let U(i) = {ix : K’ < k}, that
is, the set of agents who have higher priority than ;. Seats are grouped in rows consisting
of two seats in each.'® Let r = |S|/2 > 1 be the total number of rows. We say that a seat is
adjacent of another if they are in the same row. Let 74 be the adjacent seat of seat s.

A matching p is an assignment of seats to agents such that each agent receives at most
one seat, and no seat is assigned to more than one agent. For any k € N U .S, we write uy
for the assignment of k under p. Whenever an agent £ € N is unassigned, i.e., receives no
seat, we write up = (). Let pug = {i € N : u; # 0}. Matching p is feasible if there is no pair
of distinct agents i, j such that u; # 0, p; € 7,,, and 7(i”, j7) = 0. In the remainder of the
paper, we consider only feasible matchings, referring to each simply as a matching.

An agent’s well-being at a matching depends not only on her seat assignment per se
but also on the availability statuses of the other seats in the same row. In other words,
the problem exhibits externalities. Hence, agents’ rank orders over the seats do not fully
specify their preferences over matchings. Here, we assume a particular class of externalities,

as described in the following assumption.

Assumption 1. An agent i prefers matching u to v if either
(i) pi € S and v; =0, or
(1) pi,v; €S, fhr,, = 0, and Vr, 7 0,

(iti) ps,vi € S, pi > vi, and either pr, = v, =0 or pr, #0 and v,, #0.

17See Footnote 23| for the role of this supposition.
18Tn Section [5| we argue its extension to 3-seat rows.
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The first condition ensures that each agent always prefers to receive a seat. The second
condition stipulates that each agent consistently prefers having their adjacent seats unoc-
cupied. Only when neither condition is satisfied do their preferences depend solely on their
ranking of the seats.'® If these three conditions do not hold when we compare two matchings,
then the agent is indifferent between those two matchings.?’ This preferential supposition
brings a particular class of externalities. However, as discussed in Section [5] the analysis can
be extended to a more general class of externalities so long as agents always prefer being
seated independent of their seat assignment (Condition (i) above).

Let R; denote the agent i’s preferences over matchings, which is a complete and transitive
binary relation. We write P; for its strict (asymmetric) part. T'wo notes are in order: (1) each
>>; induces different preferences, and (2) agents do not have preferences over other agents,
implying that they are all indifferent between matchings assigning the same seat with the
same availability status for their adjacent seats.

In the rest of the paper, except for Theorem [3| we fix all the primitives except the agents’
ranking over the seats and denote the problem by >. For simplicity, we use the pronouns
“she” and “her” in our descriptions. However, our analysis is entirely gender-neutral, and

these pronouns bear no relation to the type of agent unless explicitly stated.

19 Pycia and Yenmez (2022) introduce a monotone externality condition imposing that an agent never
accepts a previously rejected alternative after the others have at least a weakly better alternative. This
condition proves to be the key for their whole analysis as well as the existence of a stable matching. This
condition does not hold in our setting. To see this, let N = {iy,i2}, S = {s1,52,83,84}, 75, = $2, and
Ts; = S4. Suppose that the rankings of both agents follow s1, s3, s2, s4. Consider p and u’ where p;, = @) and
Wi, = s2. From {s1,s3,s4}, agent iy chooses s; given u (that is, whenever agent iy is unseated), whereas
she selects s3 under /. Thus, she starts to choose the rejected s3 after is has a better alternative, violating
the monotone externality condition. Bando| (2012]) proposes a similar condition, called positive externality,
and obtains the existence of a stable matching under it. This condition says that no firm is never worse
off whenever other firms hire new workers. From the above example, we see that 71 would receive the best
assignment for herself whenever iy remains unassigned, violating positive externality. [Fisher and Hafalir
(2016) consider a one-to-one matching problem with cardinal utilities where externalities do not matter
much. Although we do not have cardinal payoffs, the assignments of the others easily change the selected
seat of an agent. Hence, it does not hold under the current problem.

20Such indifference occurs in the following cases: (1) pi =v; =0 and (2) py =v; = s, 75 = ¢, and
fe = Vg = or pg, vy € N.
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3.2 Axioms

Next, we define the axioms used in our analysis. We start with our stability notion.
Definition 1. A matching p is stable if, for each agent iy,

(i) whenever y;, =0, there is no matching p' where i, # 0 and U (ix) N ps € U (ix) N s,

and

(ii) whenever p; # 0, there is no matching u' where py = ps, p' B, p, and for each
j € Ulin), W R p.

Our concept of stability differs from the standard definition in typical object assignment
problems due to the externalities inherent in the seat allocation problem and the objective
of eliminating unoccupied seats. Condition (i) ensures that each agent is seated unless
doing so would require unseating someone with higher priority (see Remark (1| below for
details). Condition (i7) stipulates that no seated agent can improve her outcome without

either disadvantaging a higher-priority agent or causing someone to lose their seat.

Remark 1. The stability of a matching p implies that for each agent i with p; = (), there
exists no matching p' where p'y = pusU{i}, i.e., no agent can receive a seat without displacing
a seated agent. Thus, stability, in particular, eliminates empty rows unless all agents are
already seated. This property can be considered as the counterpart of the standard non-
wastefulness in our setup, and like in standard object assignment problems, it is implied by

stability.?!

Moreover, notice that our stability notion prohibits improving a seated agent at the cost
of unseating a lower priority agent. This restriction is consistent with the applications in
mind where the central authority aims to decrease the number of unfilled seats.

We would like to highlight two important aspects on stability. First, in the absence of

externalities, our stability notion would correspond to filling the seats based on the priority

2INotice that an unoccupied seat cannot be directly considered as a wasted resource if its adjacent seat
is already taken. This is because giving this empty seat would harm the other agent in the same row.

12



ordering and agents’ ranking over the seats. Second, in practice, when an agent books
earlier than the others, she can observe this through the number of available seats, and she
can understand her rank under the priority order. Hence, favoring early bookers under our
stability notion can be considered as fairness requirement and may incentivize agents to book
as early as possible, which might be preferred by the central authority since it reduces the
risk of traveling with empty seats and leads to better management.

Matching ;. Pareto dominates p’ if for each agent ¢ € N, u R; p/, where this holds
strictly for some agent. Matching p is efficient if it is not Pareto dominated by another
matching. A matching p is maximal if there does not exist another matching v such that
lus| < |vsl, i-e., no matching allocates more seats than .

A mechanism 1 is a systematic way to produce a matching for each problem >. We write
1 (>>) to denote the outcome of ¥ at problem >. Mechanism 1) is < stable, efficient, mazximal
> if () is <stable, efficient, maximal > for each problem >. Mechanism v is strategy-
proof if there are no problem > and agent 7 with ranking >/ such that ¢ (>}, >_;) P; (1>).%

We are now ready to provide our results. After having presented them in order, we will

discuss model generalizations in Section [5

4 Results

In what follows, we provide the results in two sections: Restricted and Unrestricted
cases. The latter corresponds to m(t,t') = 1 for each (t,t') € T' x T, whereas, the former

applies when (¢, ') = 0 and 7(f,7) = 1 for some (¢,'), (,£) € T x T.2* Proposition 1] shows

that stability implies efficiency and it holds for both restricted and unrestricted cases.?*

Proposition 1. Let i1 be a stable matching in problem >. Then, p is efficient.

**Here, >_; = (>j)jen\{i}-

2 If n(t,t') = 0 for all t,t' € T, then the problem turns into selecting the favorite seats in empty rows.
In that case, one by one, following the priority ordering, the top min{|N|,|S|/2} agents are seated in their
favorite remaining seat while keeping their adjacent seat empty.

24We provide the proofs of all results, except Proposition 4] in Appendix
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4.1 The Restricted Case

In the restricted case, we assume that 7(¢,#') = 0 and 7({, ) = 1 for some (t,t'), (,1) €
T x T. Applications cover, but not limited to, immunity status and gender based re-
strictions in transportation and classroom seating. In the former, the types are vacci-
nated /unvaccinated, and no pair of unvaccinated agents can be seated next to each other. In
gender-based restrictions in transportation, the types are genders, and no male-female pair
is seated in the same row. In gender-based restrictions in classroom seating, no same-gender

students are seated at the same desk. We present restricted cases in Table .25

W(tl,tl) 7T(t2,t2) W(tl,t2>

Same-Type Compatibility 1 1 0
Cross-Type Compatibility 0 0 1

t; Compatible with All 1 0 1
t1 Incompatible with All 0 1 0

Table 1: Compatibility under restricted cases

The restrictions come at a cost, as formally shown in the following result.

Proposition 2. In any restricted case in which w(t1,t3) = 0, there does not always exist a

stable and maximal matching.

Given the incompatibility between stability and maximality (when 7(t1,%2) = 0), we
weaken the latter. We say that a matching p is constrained maximal if there is no stable
matching v with |us| < |vs|. A mechanism is constrained mazimal if it always produces a
constrained maximal matching.

Before moving to our mechanism proposal, we briefly discuss the Myopic Serial Dicta-
torship (MSD), which mimics the current first-come-first-served based allocation procedure.
In MSD, agents choose their most preferred seats one by one following the priority order-

ing. Because of its greedy assignment in the agents’ turns without considering the later

2For the sake of exposition, the symmetric cases (i.e., to compatible with all and t5 incompatible with
all) are not listed in the table.
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agents in the ordering, M SD fails to achieve desirable properties, including stability, effi-
ciency, strategy-proofness, and constrained maximality. We relegate all the formal analysis,

including the formal M.SD definition, to Appendix [Al

4.1.1 Adaptive Serial Dictatorship

In this section, we introduce a new mechanism that is superior to any other alternative in
many aspects. We call this mechanism Adaptive Serial Dictatorship and denote it by ASD.
Its steps below work differently depending on a certain feature of the seating-restriction
function m. We have two exhaustive cases, called “Joker” and “No Joker”.

Joker (J): For some t € T, w(t,t) = w(t,t') = 1, where t' # t. That is, type ¢ is
compatible with both types, and we refer to it as the “joker” type.26 This case corresponds
to the “compatible with all” case in Table 1. For an application, we can think of immunity-
based seating restriction, where the types are vaccinated and unvaccinated. The vaccinated
types can be seated with any type (the joker), whereas the unvaccinated types cannot be
seated in the same rows.

No Joker (INJ): For each t € T, w(t,t') = 0 for some ¢’ € T'. This case requires each
type to be incompatible with at least one type. This case includes all cases but “compatible
with all” in Table 1. Its applications cover gender-based seating where no row contains mixed
genders.

For the sake of exposition, we define the ASD mechanism for the No Joker Case below,
and we provide the definition of the ASD mechanism for the Joker Case in Appendix |B| All

results provided in this section hold for both cases.

Adaptive Serial Dictatorship for No Joker Case:

Step 1. In this step, we determine who will be seated. To this end, by following
the agent-ordering, we apply the following substeps one by one for each agent.

For k € {1,..,n} (where n = |N|),

26Notice that 7(¢',#') = 0 in this case as, otherwise, we would have unrestricted seating.
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Substep 1.k.  Let us consider agent ¢. If there is an available seat whose
adjacent is taken by a compatible agent, then let ¢ receive any of such seats.
Otherwise, if there is an empty row, let ¢ obtain a seat from one of these empty

rows. If none of these holds, then let ¢ be unassigned.

Step 1 terminates by the end of Substep 1.n. Let u° denote the matching ob-
tained by the end of Step 1. We exclude all the agents in N \ p2 from the
problem, and they become permanently unassigned. We displace the rest from

their assignments under p°, and each seat becomes available.

Let ¢ be the total number of empty rows under p°. If ¢ > 0, then we go to Step

2.27 Otherwise, we go to Step 3.

Step 2. We only consider the top ¢ agents in the priority ordering. One by one
following the agent-ordering, we let the agents choose their remaining favorite
seat and remove the agent along with the selected row. Once each of the top ¢
agents make their selections, this process ends. We then go back to Step 1 in the

reduced problem with the remaining agents and seats.

Step 3. We have the following exhaustive cases, depending on the assignments

in the last Step 1 iteration in the reduced problem.
Case 1: All the seats are taken. We go to Step 4.

Case 2: There 1s at least one row where only one seat is taken. Let
¢1 and ¢ be the number of rows with only one empty seat where the occupied

seats in these rows are taken by an agent of type ¢; and t,, respectively.

Let N be the set of the top ¢ and ¢ priority agents of type t; and t, among
the remaining type t; and ¢, agents, respectively. We apply Step 4 until it is a
turn of an agent i € N. Then, ¢ chooses her best remaining seat in an empty

row. We remove ¢ and the selected seat, along with its row, from the problem.

2TNotice that, if ¢ > 0, then N = u2.
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We continue applying this step until all agents in N choose their seats. By its

termination, we move to Step 4.

Step 4. By considering the remaining seats and unassigned agents one by one
and following the agent-ordering, we proceed as follows. The first agent chooses

her most preferred available seat, and the selected seat is removed.

For the second agent, say 7, we calculate the total number of empty seats in rows
where a compatible agent with 7 has already been seated. If this number matches
the number of unseated agents (i.e., those who have not selected their seats yet)
of type i, agent i selects the best seat in a row where a compatible agent has
already been seated, and the chosen seat is removed. Otherwise, agent ¢ selects
the best available seat in rows where no incompatible agent has been seated,
and her seat is removed. This process is repeated until all remaining agents are

assigned a seat.

The algorithm terminates at the end of Step 4, and the seat assignments obtained

through the above steps determine the final outcome.

In the next example, we run the ASD algorithm for the no-joker case.?®

Example 1. Let N = {iy,..,is}, N2 ={j1}, S ={s1,..,86}, T, = S2, Ts; = S4, Tss

and i1 = 19 > i3 > 14 > J1. Agents’ strict rankings over S are:

81 P4y S2 Py S3 Dy S4 Dy S5y, Se
83 By S2 By S1 Dy S4 Dy, S5 Dy, Se
83 P S1 Py So Dy S4 Dy S5 Dy, Se
S By S1 Py S3 Dy S4 D4y S5y Se

S9 Djl S1 Djl S3 l>j1 Sy l>j1 S5 l>j1 S

28We provide an example in Appendix for the joker case.
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Let w(t1,t2) = 0 and 7(t1,t1) = 7(te,t2) = 1, i.e., we are in the same-type compatibility
case. The problem does not have a joker type, hence we apply ASD (as described above)
steps accordingly.

SubStep 1.1. Since all seats are empty, let iy receive a seat, say s;.

SubStep 1.2. Since sy is the only seat whose adjacent seat has been already taken by an
agent whose type is compatible with io, agent io Teceives Ss.

SubStep 1.3. Since there is no seat with an adjacent seat taken by an agent of a
compatible type with i3, let agent 13 receive a seat in an empty row. Let this seat be ss.

SubStep 1.4. Since sy is the only empty seat whose adjacent seat has already been taken
by a compatible agent, 14 receives Sy.

SubStep 1.5. Since there is no seat whose adjacent seat is taken by a compatible agent,
J1 s assigned a seat from the last empty row.

Let 1i° be the tentative matching attained at the end of Step 1. There is no empty row
under u°. Hence ¢ = 0, and we continue with Step 3.

Step 3. Since there is a row with only one occupied seat, we consider Case 2. Only one
such row exists. Since in that row a seat is occupied by agent j1, who is a type of ta, we have
¢1 =0 and ¢co = 1. Therefore, we will continue applying Step 4 until it is agent j1’s turn.

We apply Step 4 for the agents i1, io, i3, and iy. They are, respectively, assigned si, sz,
So, and sy, and these seats are removed.

It is now agent ji’s turn. She chooses the best remaining seat, which is s5. We remove
the selection along with its row. The algorithm terminates by the agent ji’s selection, and

its outcome v is such that v;, = s1, v;, = S3, Vi, = S, Vi, = S4, and v;, = Ss.

In its first step, ASD identifies the maximal set of agents that can be seated by following
the agent-ordering. This step ensures that ASD does not leave any extra seat unoccupied
beyond what is required by stability and the seating restriction. Notice that the seat se-
lections in Step 1 are arbitrary, as they are not binding with respect to the identities of

the seated agents. Agents’ permanent assignments are determined in the subsequent steps.
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By carefully considering agents’ preferences, including externalities, ASD assigns the best
possible seats to the agents while respecting their priorities and assigning a seat to all agents

selected in Step 1.

Remark 2. Before moving to its allocative and strategic properties, let us first note that
ASD runs in a polynomial time in both agents and seats. If we add one more agent, it
causes at most one additional iteration in each step. On the other hand, adding a new row

of seats entails at most two additional iterations in each step.

We are now ready to study the properties of ASD. Theorem (1| shows that ASD satisfies
stability, efficiency, and strategy-proofness under all restricted cases, and it is maximal when

7T(t1,t2) =1.

Theorem 1. In all restricted cases, ASD 1is stable, efficient, and strategy-proof. Moreover,

when m(ty,ts) = 1, ASD is mazimal, and otherwise, it is not maximal.

One can wonder whether another stable mechanism exists. Theorem [2 shows that in
any problem there exists a unique stable matching, and therefore ASD is the unique stable

mechanism.
Theorem 2. In all restricted cases, ASD 1is the unique stable mechanism.
The following corollary is immediately implied by Proposition [2] and Theorem [2]

Corollary 1. When m(ty,t3) =0, ASD is not mazimal. However, it is constrained mazimal

regardless of the seating-restrictions.

Fortunately, when m(¢1,t3) = 0 and 7(t1,t1) = m(t2, t2) = 1, stability does not cause too

many empty seats that otherwise would be filled: In any problem, a maximal matching can

assign at most one more seat than the ASD’s outcome.?

29However, when one type is incompatible with both types, stability may cause every row to be occupied
by only one agent even though it is possible to fill all seats. This happens when the highest |S|/2 priority
agents are incompatible with all other agents, and there are at least |S| agents who are compatible with their
own type.
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Proposition 3. Under the same type compatibility case, (i.e., w(t1,t2) = 0 and 7w(ty,t;) =

m(ta,ta) = 1), let p' be a mazimal matching at a problem t>. Then, |ps] < |ASDg(t>)| + 1.

Recall that the earlier a booking an agent makes, the earlier she comes in the priority
ordering. Thus, an interesting question is whether agents prefer to make a booking earlier.
To address this question, we start including > in the problem notation and write (>, )
instead of .

We say that >’ is an improvement over > for agent i if for each j, k € N\ {i}, i > j
implies 7 >’ j, and 7 >’ k if and only if j > k. Mechanism ¢ respects improvements if
there are no problem (>, >) and >’ such that >’ is an improvement over > for agent ¢, and

(>, =) B, ).
Theorem 3. In all restricted cases, ASD respects improvements.

Hence, under ASD, no agent is hurt because of having a higher priority, incentivizing

them to book earlier.

Remark 3. So far, we assume that agents have complete rankings over seats. While it is
reasonable that seats are not equally desirable, agents might not have a ranking over them.
Suppose agents’ preferences over matchings are determined solely by the first two conditions
in Assumption 1. In this case, it only matters whether they are seated and the availability
status of their adjacent seat (if they receive one). The entire formulation straightforwardly
extends to this case without any significant modifications. In the mechanism definitions,
instead of allowing agents to choose their favorite feasible seat, they are assigned any such
seat, while the availability status of their adjacent seat is managed in the same way as in the
current ASD formulation. As a result, ASD defines a class of mechanisms, each depending
on the seat assignment rule used in cases of multiplicity. The ASD class retains all of its

desirable properties regardless of the specific selection rule.>

30Gimilarly, MSD defines a class of mechanisms, each depending on the seat assignment rule used in cases
of multiplicity. All the negative results for M.SD carry over, with the exception of efficiency.
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4.2 The Unrestricted Case

In this section, we assume that there is no seating restriction, i.e., 7(t,t') = 1 for each
(t,t') € T x T. In this case, we can apply the MSD and ASD mechanisms defined in
Appendix[A]and Section by considering that all agents are of the same type, respectively.
For the sake of completeness, we provide the definition of ASD mechanism in the unrestricted

case below.3!

4.2.1 Adaptive Serial Dictatorship for the Unrestricted Case

Step 1. We first determine who will be seated. To this end, by following the
agent-ordering, we apply the following steps one by one for each agent. For

ke {1,..,n} (where n = |NJ|),

Substep 1.k.  Let us consider agent 7. If there is an available seat whose
adjacent has already been taken, then let i receive a seat among them. Otherwise,
if there is an empty row, then let ¢ obtain a seat from one of these empty rows.

If none of these hold, then let ¢ be unassigned.
This procedure terminates by the end of Substep 1.n.

Let 1 be the tentative matching attained at the end of Step 1. We exclude all the
agents in N \ p2 from the problem, and they become permanently unassigned.
We displace the rest from their assignments under p°, and each seat becomes

available.

Let ¢ be the total number of empty rows under p°. If ¢ > 0, then we go to Step

2. Otherwise, we go to Step 3.3

Step 2. We only consider the top ¢ agents in the agent-ordering. One by one

following the agent-ordering, we let the agents choose their remaining favorite

3L M S D’s unrestricted version is relegated to Appendix |Al We show that in the unrestricted case, M SD
is maximal. However, it is not stable, efficient, or strategy-proof.
321t is clear that 2 will consist of the first min{|N|,|S|} agents under the priority ordering .
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seat and remove the agent along with the selected row. Once each of the top ¢
agents make their selections, this process ends. We then go back to Step 1 in the

reduced problem with the remaining agents and seats.

Step 3. We have the following exhaustive cases depending on the assignments

in the last Step 1 iteration in the reduced problem.
Case 1: All seats are taken. We go to Step 4.

Case 2: There is a row with only one seat is taken. The number of such
rows cannot be greater than one. We let the top agent choose her best remaining

seat. We remove her along with the selected row and go to Step 4.

Step 4. In the reduced problem, we let each agent choose her best remaining

seat one by one following the agent-ordering.

The algorithm terminates by the end of Step 4. The assignments obtained in the course
of the above steps define the outcome of the algorithm.

Since ASD in the unrestricted case is equivalent to the restricted case’s ASD whenever
all types are compatible with each other, all the earlier positive properties of ASD under

the restricted case carry over to the unrestricted case.

Proposition 4. In the unrestricted case, ASD is mazximal, stable, efficient, strategy-proof,

and respects improvements. Moreover, it is the unique stable mechanism.

For the sake of brevity, we refer to the related results under the restricted case and skip

the proof of Proposition [4

5 Extensions and Implementation

In the main body, we assume that each row has two seats. However, our analysis can be

extended to the case of three-seat rows with slight modifications. In this case, the middle
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seat has two adjacent seats, whereas the window-aisle pair is no longer adjacent. Conse-
quently, the seating restriction would not apply to the window-aisle pair. Regarding the
mechanisms, MSD extends straightforwardly to the three-seat case. On the other hand,
ASD accommodates additional scenarios involving rows with two incompatible types seated
at the window and aisle seats.?® We leave the analysis of the extension for the other cases
for future work.

The benchmark model assumes a specific class of externalities. However, we could extend
our analysis to a more general class of externalities, provided that agents always prefer
receiving a seat to being unseated. To formalize this general framework, we allow agents to
have preferences over matchings while maintaining the same notions as in the benchmark
case. Consider a mechanism where the first stage is identical to that of ASD, which identifies
the set of agents to be seated. In the second stage, we consider all possible matchings where
only the seated agents from the first stage are assigned. The first agent, according to the
priority order, selects her best matchings from this set, and all other matchings are removed.
The second agent then chooses her top matchings from the reduced set, and this process
continues. This mechanism is stable, efficient, strategy-proof, constrained maximal, and
respects improvements. One disadvantage, however, is its opacity compared to ASD. This
arises from the absence of a specific externality structure, making it challenging to achieve
transparency in seat assignments. Additionally, computing the set of all possible matchings
in the second stage can be computationally demanding. For the setting considered in this
paper, ASD offers a more practical solution by assigning seats based on priority order and
the number of agents to be seated, rather than comparing all feasible matchings. Therefore,
we argue that the ASD formulation is better suited to this setting. Nonetheless, due to
the uniqueness result (Theorem 2), ASD and the mechanism described above are outcome-

equivalent in our setting.

33In an earlier version of this paper, we have proven that all results from the two-seat
row case carry over to this extended analysis under the same-type compatibility case (see
https://papers.ssrn.com/sol3/papers.cim?abstract id=4786980)).
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Another issue is how the analysis can be generalized to the domain of weak preferences.
This is important to consider, as agents’ seat rankings may not always be strict, as it allows
agents to have incomplete strict rankings). We can adapt ASD to this case as follows.
First, we obtain a strict ranking over seats by applying a tie-breaking rule. With this strict
ordering, we then invoke ASD to find a matching. However, this matching may not be
efficient. To address this, we can utilize efficiency-improving cycles, which have been well-
studied in the literature (see, for instance, Erdil and Ergin (2008) and Kesten and Unver,
(2015))). Cycle construction takes a simple form in this setting because the number of seated
agents in an agent’s row at the ASD matching must remain fixed. Therefore, we only
need to consider agents’ seat rankings when constructing cycles. Stability-preserving and
efficiency-improving cycles can be defined similarly to those in the existing literature while
also accounting for feasibility constraints. Such a mechanism would be efficient, stable,
and constrained maximal. However, due to the presence of weak rankings, there would
be multiple stable matchings, implying that the characterization result (Theorem 2) would
no longer hold. Moreover, this mechanism would be susceptible to manipulation. Further
exploration of the weak preference domain may be a fruitful research direction.

Lastly, we elaborate on the practical implementation of ASD. Currently, the mechanism
is defined statically, in the sense that all agents are pooled together, and the outcome is
calculated. However, this approach is not practical, as agents make reservations over time
and need to know immediately whether they can reserve a seat. Fortunately, ASD can be
implemented dynamically to address this concern. Its first step can be applied whenever
a new agent arrives, allowing the agent to be informed right away whether she will be
seated. This process can also include a deadline, depending on the nature of the trip. Once
the deadline has passed, the further steps of ASD determine the final seat assignments,
enabling agents to be informed about their seats before the trip begins. This dynamic

implementation is, in fact, very similar to the seat allocation procedure used by airlines.?*

34Many airlines sell tickets without assigning specific seats at the time of purchase, informing passengers
of their seat assignments during check-in, typically 24 hours before departure.
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One might still object to ASD’s implementation, arguing that eliciting passengers’ complete
preferences over all seats is impractical. To address this, we can limit the information
collected from passengers. For example, passengers could report their preferences only over
certain features, such as whether they prefer an aisle or a window seat. In this case, the
mechanism’s outcome will still satisfy its desired properties, subject to the partial information
provided. Additionally, ASD can determine who will be seated next to an empty seat
without requiring detailed preferences from passengers. Passengers assigned to seats next to
empty ones could be given a “seat holder” card, ensuring that their neighboring seat remains
unoccupied. Finally, passengers could also select their seats one by one according to their

priorities (e.g., booking time).
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A The Myopic Serial Dictatorship (MSD)

We formally define the M S'D mechanism for the restricted case below.
Myopic Serial Dictatorship for the Restricted Case

By following the agent-ordering, M .S D selects its outcome through the following

steps. For k € {1,...,n} (where n = |N|)

Step k. Let us consider the rows with the highest number of empty seats.
Among the unoccupied seats in these rows, agent i selects the best ranked one
(with respect to ;) whose adjacent was not already taken by an agent j where

7(iT, j7) = 0. If such a seat does not exist, then i remains unassigned.

M S D terminates by the end of Step n, when all agents are processed. We first illustrate

how M SD works via a simple example.

Example 2. Let N = {iy,..,iq}, N2 ={j1}, S = {s1,..,86}, Ts; = S2,, Tsy = Sa, Tss = S,

and i1 = 19 = i3 > 14 > J1. Agents’ strict rankings over S are:

81 P4y S2 Py S3 D4y S4 Dy S5y, Se
83 By S2 Py S1 Dy, S4 Dy, S5 D4, Se
83 P S1 Py So Dy S4 Dy S5 Dy, Se
S By S1 Py S3 Dy, S4 Dy, S5Dyy Se

Sg P4 81 Dj; 83 Py S4By S5 P4 Sg

Let w(t1,t2) = 0 and w(t1,t1) = 7(te,t2) = 1, i.e., we are in the same-type compatibility
case. The breakdown of the MSD steps in the problem is presented below.

Step 1. Since all seats are empty, agent 11 selects si, which is the best-ranked seat with
respect to >;, .

Step 2. Agent iy selects s3, which is the best-ranked seat with respect to >;, in the rows

with the highest number of empty seats.
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Step 3. Agent i3 selects s5, which is the best-ranked seat with respect to >;, in the rows
with the highest number of empty seats.

Step 4. Since a seat in each row has already been taken in the previous steps, agent iy
selects sy, which is the best-ranked remaining seat with respect to >, .

Step 5. Since each row contains an agent of type ti, agent ji1, who is of type to, cannot
be seated because of the seating-restriction under 7, i.e., w(ty,ty) = 0.

Hence, MSD selects matching  where p;, = si1, [, = S3, [y = Ss, [, = S2, and

Hji = 0.

In Proposition 5], we show that MSD does not satisfy the desirable properties we have

discussed in Section B

Proposition 5. In all restricted cases, M SD fails to be stable, efficient, and strategy-proof.
Moreover, MSD fails to be mazimal in all cases except the cross-type compatibility, i.e.,

7T(t1,t1) = 7T(t2,t2) =0 and 7T(t1,t2) =1.

Proof. We consider each possible restricted case separately.
Case 1-The same-type compatibility: n(ti,t1) = 7(ty,t2) = 1 and 7 (t1,t2) = 0.
MSD is neither stable nor efficient Let N = {iy,..,is}, N2 = {j1}, S = {s1, $2, $3, $4},
Ts, = S2, and 75, = s4. We will be using the same seats with the same row pattern throughout

the proof. Let i1 > iy = i3 > i4 > j1. Agents’ strict rankings over S are such that

51Dy Sa Py S3 Dy Sa
S Dy S1 Py S3 Py Sa
83 Dy S1 Py S2 Dy S4
So Dy, S1 P4y S3 Dy S4

Sg B4, S1Dj; S3Pyy Sy

In the problem above, M SD selects matching p such that p;, = s1, i, = s3, fi; = So,
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i, = sa, and pj, = 0. Matching p is not stable, as there exists another matching v such

that v;, = s1, v, = 89, Vi, = 83, Vi, = 54, and vy, = (), rendering the violation of stability

under p. Moreover, v Pareto dominates pu. Therefore, M SD is neither stable nor efficient.
MSD is not maximal: Let N = {iy, iy} and N2 = {j;}, with iy = ip = j;. Agents’

strict rankings over S are:

81 Dy; So2 P4y S3 Dy S4
Sa Py S1 Py S3 Dy S4

§3 Py, S1 Py S2 Py S4

In this problem, MSD selects matching p where p;, = s1, i, = s3, and pj = 0.
Matching g is not maximal, because there exists another matching v such that v;; = sy,
Vi, = 82, and v;, = s3. Hence, M SD is not maximal.

MSD is not strategy-proof: Let N = {ij, is, i3}, N2 = (), with i1 > iy > i3.

Agents’ strict rankings over S are such that

81 P4y So Dy S3 Dy S4
S92 Py 81 Dy, S3 Dy, S4

81 Dy So Py S3 Dy S4

In this problem, MSD selects matching p where p;, = s1, i, = s3, and p;; = so.
However, if agent i, reports s3 >j s4 > 510} S2, then MSD selects matching v where
vy, = S3, Vi, = 8o, and v, = s1. Note that v P, pu, showing that agent i; profitably
manipulates MSD.

Case 2-The cross-type compatibility: 7(t1,t1) = m(te,t2) = 0 and 7(t1,t2) = 1.

MSD is neither stable nor efficient Let N = {iy,iy}, N2 = {j;,72} and S =
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{s1, 82, 83,84} Let iy > j1 > jJo > ia. Agents’ strict rankings over S are such that

81 B4y S2 P4y S3 D4y S4
89 Dy S1 Py S3 Dy, S4
Sg B4, S1Dj; S3 Py Sy

83 P, S1Dj, S2 By, Sy

In the problem above, M SD selects matching p such that p;, = s1, i, = S4, ft5, = Ss,
and p;, = s. Matching p is not stable, as there exists another matching v such that v;, = sy,

Vi, = S4, Vj, = 52, and v;, = s3, rendering the violation of stability under . Moreover, v
Pareto dominates p. Therefore, MSD is neither stable nor efficient.
MSD is not strategy-proof: Let N = {ij, i}, N2 = {j;}, with i1 = iy > j;.

Agents’ strict rankings over S are such that

81 Dy; S2 P4y S3 D4y S4
Sg Dy, S1 Py S3 D4, S4

S1 Py, S2 By S3 Py S4

In this problem, MSD selects matching p where p;, = s1, pi, = s3, and p;, = so.
However, if agent i, reports s3 >j 84 > 51 0} S2, then MSD selects matching v where
Vi, = 83, Vi, = S9, and v; = s;. Note that v P, p, showing that agent ¢; profitably
manipulates MSD.

Case 3—t; incompatible with all: 7(ty,t1) = 7w(t1,t3) = 0 and 7(te, t5) = 1.

MSD is neither stable nor efficient nor strategy-proof Let N = (), N2 =

{J1,J2, 93, Ja}, and S = {s1, S2, 53, S4}. Let j1 > jo = js > js. Agents’ strict rankings over S

32



are such that

81 Py, S2Bjy S3 Py Sy
81 Py, S2Bj, S3 Py, Sy
83 Djg S1 Djg S2 Pjs Sy

Sg B4, S1Dj, S3 Py, Sy

In the problem above, MSD selects matching p such that p;, = s1, ), = 83, ftj; = So,
i, = s4. Matching p is not stable, as there exists another matching v such that v;, = sy,

V.

i, = S2, Vj, = 83, and v;, = s4, rendering the violation of stability under p. Moreover, v

Pareto dominates p. Therefore, M.SD is neither stable nor efficient.

MSD is not maximal: We refer to the proof of MSD is not maximal under Case 1
assuming that types of agents in that example are swapped.

MSD is not strategy-proof: We refer to the proof of MSD is not maximal under
Case 1 assuming that all the agents in the example are of type ts.

Case 4—i; compatible with all: 7(to,t5) = 0 and 7(t1,t2) = w(t1,t1) = 1.

MSD is neither stable nor efficient We refer to the proof of MSD is neither stable
nor efficient under Case 3 assuming that all the agents in the example are of type ;.

MSD is not maximal: Let N = {iy,i5}, N2 = {j1,jo}, S = {s1,59,53,81}. Let

11 > j1 > g > Jo. Agents’ strict rankings over S are such that

81 B4y S2 P4y S3 Py S4
81 Py S2 Py S3 Dy, S4
S3 Py, S1 P4y S2 Py Sa

S4By, S1 P4, S3 Py, S

In the problem above, M SD selects matching p such that p;, = s1, i, = S2, 1, = Ss,
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i, = 0. Matching p is not maximal, as there exists another matching v such that v;, = s,
Vi, = S84, Vj, = 83, and v}, = ss.
MSD is not strategy-proof: We refer to the proof of MSD is not strategy-proof

under Case 1.

Next, we show that MSD does not even satisfy constrained maximality.

Proposition 6. In any restricted case except cross-type compatibility, MSD is not con-

strained mazimal.

Proof. Let us revisit the examples in the proof of Proposition 5| under Cases 1, 3, and 4 that
show the lack of maximality of M SD. There, matching v is stable and assigns more agents

than the M.SD’s outcome, revealing that M.SD is not even constrained maximal. O]

In what follows, we define M.SD for the unrestricted case and state its properties for this
case.

Myopic Serial Dictatorship for the Unrestricted Case
By following the agent-ordering, the M S D mechanism selects its outcome through

the following steps. For k € {1,...,n} (where n = |N|),

Step k. Let us consider the rows with the highest number of empty seats. Among
the seats in these rows, agent ¢ selects the best ranked one (with respect to ;).

If such a seat does not exist, then i stays unassigned.

MSD terminates by the end of Step n. We show below that in the unrestricted case,

while M S D becomes maximal, it does not satisfy the other desirable properties.

Proposition 7. In the unrestricted case, MSD is maximal. However, it is not stable,

efficient, or strategy-proof.
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Proof of Proposition[]. An agent is unassigned under MSD only when no empty seat is
left. This shows that MSD is maximal. In the proof of Proposition [5 we show the lack
of stability, efficiency, and strategy-proofness of MSD in problems where type t; is com-
patible with ¢; and only the seated agents are of ¢; under both M SD and the alternative
outcomes. Thus, excluding type t agents, these problems fall into the unrestricted case, and
the same instances imply the lack of stability, efficiency, and strategy-proofness of M'SD in

the unrestricted case as well. O

B Joker Case

In what follows, without loss of generality, we assume that ¢; is the joker type.

Adaptive Serial Dictatorship for Joker Case:

Step 1. In this step, we determine who will be seated. To this end, by following
the agent-ordering, we apply the following substeps one by one for each agent.

For k € {1,..,n} (where n = |N]|),

Substep 1.k. Let us consider agent i. Suppose il = t,, the non-joker type.
If there is an available seat whose adjacent is taken by a type t; agent (note
that 7(te,t2) = 0 as, otherwise, it would be an unrestricted case problem), then
let @ receive any of such seats. Otherwise, if there is an empty row, then let i
obtain a seat from one of these empty rows. If none of these holds, then let ¢ be

unassigned.

Next, suppose i1 = t;, the joker type. If there is an available seat whose adjacent
is taken by a type ty agent, then let ¢ receive any of such seats. If no such seat
exists and there is a empty row, then let i obtain a seat in one of these empty
rows. If none of these holds but there is an empty seat, then let ¢ receive an

empty seat. Otherwise, let ¢ be unassigned.
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By the end of Substep 1.n, if there are multiple rows with only one occupied seat
taken by a joker-type agent, the joker-type agents in these rows are seated next

to each other within the same rows as much as possible.?®

Let 1° denote the matching obtained by the end of Step 1. We exclude all the
agents in N \ p2 from the problem, and they become permanently unassigned.
We displace the rest from their assignments under p°, and each seat becomes

available.

Let ¢ be the total number of empty rows under p°. If ¢ > 0, then we go to Step

2. Otherwise, we go to Step 3.

Step 2. We only consider the top c agents in the priority ordering. One by one
following the agent-ordering, we let the agents choose their remaining favorite
seat and remove the agent along with the selected row. Once each of the top ¢
agents make their selections, this process ends. We then go back to Step 1 in the

reduced problem with the remaining agents and seats.
Step 3. We have the following exhaustive cases.
Case 1: All seats are taken. We go to Step 4.

Case 2: There is a row where only one seat is taken. Let ¢; and ¢, be
the number of rows with only one empty seat where the occupied seats in these

rows are taken by an agent of type t; and t,, respectively.

By the Step 1 construction, either ¢; = 0 or ¢ = 0. Suppose ¢; = 0. We apply
the same procedure as in ASD’s Case 2 under Step 3 for the non-joker case.
Suppose ¢; = 0. One by one, following the priority ordering, the top ¢; priority
agents (regardless of their types) among the remaining ones choose their best

available seat in a empty row. After each selection, we remove the agent and the

35Note that after this procedure, there can be at most one row with only one seat occupied by a joker-type
agent.
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selected seat along with its row from the problem. This step terminates once all

these top ¢; priority agents make their selections. We then move to Step 4.

Step 4. By considering the remaining seats and unassigned agents one by one
and following the agent-ordering, we proceed as follows. The first agent chooses

her most preferred available seat, and the selected seat is removed.

We consider the second agent, i. If i = t,, then i selects the best available seat
in rows where no incompatible agent has been seated, and her seat is removed.
If iT = t;, the joker type, we compare the total of the number of still unseated
(i.e., those who have not selected their seats yet) type t agents and the total
number of rows with at least one empty seat where none of its seat is taken by a
type to agents. If these two numbers are equal, let ¢ choose her best seat among
those in empty rows (if any) and those where one seat is already taken by a type

to agent. Otherwise, let ¢ choose her best seat in any row with an empty seat.

The algorithm concludes at the end of Step 4, and the seat assignments obtained

through the above steps determine the final outcome.

We will now run the ASD algorithm for the Joker case.

Example 3. Let N = {iy,is} and N2 = {j1,ja}, S = {51, .., 84}, Ty = S2, Ts; = 84, and

11 > J1 > g = Jo. Agents’ strict rankings over S are such that

S1 B>y S2 B4y S3 B4y S4
S1 By S2 By S3 B4, S4

S3 B>, 84 B>, S1 Dy So

Let w(ty,t1) = w(t1,t2) =1 and w(te, ta) = 0. That is, ty is the joker type.
SubStep 1.1. Since every seat is available, let i1 receive any one of them, say si.
SubStep 1.2. Agent jy is a non-joker type. Therefore, she receives the adjacent seat of

s1, which is ss.
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SubStep 1.3. Agent iy is the joker type. There is no available seat whose adjacent taken
by an agent of type to. Therefore, she is assigned a seat in a empty row, say Ss3.

SubStep 1.4. There is only one seat left whose adjacent is taken by iy, the joker type.
Thus, agent js s assigned to sy.

There are no multiple rows where only one seat is taken by a joker-type agent. Hence,
Step 1 terminates with its outcome u°, where its assignments are determined in the above
steps. There is no empty row under u°. Hence ¢ = 0, and we continue with Step 3.

Step 3. All the seats are taken at pi°. Therefore, we move to Step 4.

Step 4. The first agent in the ordering, i1, chooses her favorite seat, s;. The second
agent, j1, being a non-joker type, selects her favorite remaining seat in rows where no incom-
patible agent is already seated; this seat is s3. Next, it is agent i3’s turn, who is a joker type.
The total number of still unseated type ty agents is one. The total number of rows with an
empty seat where none of its seat is taken by a type ty agents is one as well. Consequently,
agent iy selects her best remaining seat in either empty rows (if any) or rows where a seat
is already taken by a type ty agent. Since no empty rows are left, she is assigned seat s4.3°
There is only one seat left, which is so, and it is assigned to the last agent js.

The algorithm terminates with the outcome v where v;, = 81, v, = 54, Vj, = 83, and

Vi, = S2.

C Proofs

Proof of Proposition [l Assume for a contradiction that 4 is not efficient. Let p’ be a match-
ing such that for each i € N, ¢/ R; u, where this relation strictly holds for some agent j.
This, as well as the stability of u, implies that pg = .

Let W ={ie N: u' P, u}. By supposition, W # (). Let i), be the last agent in W (with

respect to the agent-ordering). For each &' < k, ' R;, pu, ¢/ Pi, p, and p's = pg. This,

36 Agent iy could have been seated at s,, her best remaining seat. However, this would leave agent j,
unseated, as the only available seat during her turn would be s4, whose adjacent seat is already occupied by
J1, an incompatible type.
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however, contradicts the stability of p, which finishes the proof. O]

Proof of Proposition[d. Consider a problem with N® = {iy,...is}, N2 = {j;}, and S =
{s1,..,84}. Let 75, = s9 and 7y, = s4. Let iy > ig = j1 > i3 > iy.

Let m(t1,t2) = 0 and m(t1,t1) = 1. Independent of the agent preferences, iy, 72, and
J1 have to be seated at any stable matching. On the other hand, we can have all four
agents in N seated at a matching,” showing the incompatibility between stability and

maximality.>8 O
The following two lemmas will be critical to the rest of the proofs.

Lemma 1. Let > be a problem. Once ASD reaches Step 4, in the associated reduced problem,
all the agents are seated, and no seat is left empty. In the restricted case, no pair of agents
of incompatible types is seated in the same row in Step 4. Moreover, in both restricted and
unrestricted cases, in the associated reduced problem, no agent receives a better outcome

without hurting someone else with a higher priority while continuing to assign all the agents.

Proof. By construction, once ASD reaches Step 4, in the reduced problem, there are just
enough empty seats to let the remaining agents receive a seat in a way that no pair of agents
of incompatible types is to be seated next to each other. In the case of no-joker type, one
by one following the agent-ordering, an agent ¢ chooses her favorite empty seat in the rows
where another agent of a compatible type has already been seated if the total number of
empty seats in the rows where a compatible agent with ¢ has been already seated is just equal
to the total number of unassigned agents of the same type as agent i. Otherwise, agent ¢
chooses her favorite seat in a row where no agent of an incompatible type has been already
seated. On the other hand, in the joker case, a non-joker type agent chooses her favorite
seat in the rows where no seat is taken by an incompatible agent. A joker-type agent, on

the other hand, selects her best remaining seat from the empty rows along with those where

3TFor instance, consider a matching p where f1;, = s1, fli, = S2, fi; = 83, Hi, = S, and pj, = 0
38For the case m(t1,t2) = 0 and 7(t2,t2) = 1, we can show the same conclusion by changing the types of
the agents.
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one seat is already taken by a non-joker type whenever the number of still unseated type
to agents and the total number of rows with at least one empty seat and none of its seat is
taken by a type t, agents are equal. Otherwise, the joker type selects her favorite seat in any
row with an empty seat. This construction enables agents to choose their favorite remaining
seats one by one following their order, subject to the condition that all the agents have to
be seated. Hence, no agent can obtain a better outcome without hurting someone else with

a higher priority while giving a seat to each agent. O]

Lemma 2. Let > be a problem. Let ASD(>>) = p. Let ¢/ be another matching where

We = pg. If, for some i, p' P; p, then there exists some agent j € U(i) such that p P; 1.

Proof. Let 1) denote ASD. Let u” be the outcome of Step 1 of ¢. Since p'y = pg, we have
s = Hg-

We first claim that the number of empty rows® under ' cannot exceed that under p”.
Let i be an agent such that she is seated at an empty row in Substep 1.k of ¥. The only
reason why a non-joker type agent 7, is seated at an empty row is that, by her turn, there is
no row where someone else of a compatible type has already been seated. On the other hand,
a joker-type agent might be seated in an empty row in her turn even though she could have
been seated in a row with only one seat empty. However, after the first seat assignments, if
there are multiple rows where only one seat taken by a joker type, the agents in these rows
are seated in the same rows as much as possible. This directly implies that no row is wasted
in v, proving the claim.

Let ¢ be the total number of empty rows under p”. Then, in the course of Step 2, the top
c agents choose their favorite seats one by one following the agent-ordering. Moreover, these
empty rows are used for the sake of their welfare in that all the other seats in their selected
rows are removed from the problem so that each of them is ultimately seated alone. If any of
these top ¢ agents receives a different seat under y’, then the agent with the highest priority

among them prefers p to p/. Therefore, we suppose all top ¢ agents receive the same seat

39A row is empty if no seat is taken in this row.
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under p and g/ and they sit alone in the corresponding row. After Step 2, we redo Step 1 in
the reduced problem, and so forth. Because of our claim above, in each Step 1 application,
the number of empty rows is maximal given the set of seated agents in the reduced problem.
All these show that under u, no agent who is seated alone in a row can be better off without
hurting any agent who comes earlier than herself.

Let us now consider Step 3 in ASD. The algorithm moves to Step 3 whenever there is no
empty row left. Note that all the agents who received their assignments and were removed
earlier are seated alone in the corresponding rows. If, at the end of Step 1 in the last reduced
problem, no seat is left empty (this corresponds to Case 1 of Step 3), then this means that
all the agents in the reduced problem are to be seated in full rows. We then go to Step
4. By Lemmal [T each agent in the reduced problem in Step 4 is seated in completely filled
rows, and there is no way of making someone among them better off without hurting anyone
coming before in the ordering while keeping the same set of assigned agents as under .

Let us next consider Case 2 in Step 3. That is, there is at least one row with only one
seat occupied. The numbers of such rows where the occupied seats are taken by an agent of
type t; and ty are ¢; and ¢y, respectively. Under No Joker case, the algorithm runs Step 4
until it is the turn of a top ¢ () priority agent of type t; ({2) among the remaining type t;
(t2) agents. Whenever it is such an agent’s turn, she chooses her best remaining seat in an
empty row and is removed along with her selected row, and the algorithm proceeds in the
same manner. Under Joker case, as mentioned in the definition of the mechanism, either
¢1 = 0 or ¢3 = 0. If the former case holds, then, by definition, the number of remaining type
to agents is equal to the number of remaining rows and exceeds the number of remaining #;
agents by ¢;. Then, we apply the same procedure as we do under the No Joker case. If the
latter case holds, then, by definition, ¢, = 1. Then, the top priority agent, independent of
her type, will be seated in her best seat, and the corresponding row will be removed. All
these, as well as Lemma [T} imply the result.

By the definition of Step 1, all these cases are exhaustive. Moreover, in each case where
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the algorithm goes back to Step 1, some row is removed. Hence, the algorithm ultimately

falls into Step 4. Hence, by Lemmal [T} we have the result. O

Proof of Theorem [ Consider an arbitrary problem t>. Let ASD(>) = u.

We first show that ASD is maximal when 7(¢;,t3) = 1. On the contrary, suppose it is
not. We consider Step 1 of the algorithm. If there are two empty seats in a row, then all
agents are assigned, and p is maximal. If all seats are filled, then p is maximal. Suppose
all seats are not filled, and either both seats or only one seat is filled in every row. When
7(t1,t2) = 1, we cannot have two rows in which only one seat is filled with different types of
agents. Without loss of generality, suppose there is no row in which only one seat is taken
by a type ty agent. Then, there does not exist any unassigned type t, agents. We consider
all possible cases in which 7(¢1,t2) = 1 separately.

Case 1: 7(ty1,t;) = 7(ta,t2) = 0. Then, by definition of ASD, all type t, agents and
|S|/2 type t; agents are assigned under p. Due to restrictions, we cannot assign more agents
than what is assigned under |u|. Hence, p is maximal.

Case 2: 7(ty,t1) =1 and 7(t2,t2) = 0. Then, there does not exist any unassigned type
t; agent either. Hence, p is maximal.

Case 3: w(ty,t1) = 0 and 7(te,t3) = 1. By definition of ASD all type to agents and
|S|/2 type t; agents are assigned under p. Due to restrictions, we cannot assign more agents
than what is assigned under |u|. Hence, p is maximal.

Let us next show that ASD fails to be maximal when 7(¢;,%2) = 0. Let us consider a
problem with N = {i;}, N2 = {j1, ja}, and S = {s1, 52} (there is only one row, containing
all the seats). Let the priorities be such that i; > j; > ja. Without loss of generality, suppose
that 7(ta,t9) = 1.40 Under ASD, only agent i, is seated. However, both j; and j, could
have been seated in an alternative matching. Thus, ASD is not maximal when 7 (1, t3) = 0.

We next show that p is stable. Let us pick an agent ix with p;, = 0. Then, by the

definition of Step 1 of ASD, it is not feasible to place agent i), unless some agent in pgNU (ix)

40By swapping the types of agents, we can show the same conclusion for 7(ty,#;) = 1.
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loses her seat under p and is unassigned. Let us now assume that p;, # (. By Lemma ,
in order to improve agent 4;’s outcome while keeping the same set of assigned agents, some
better ranked agent has to be worse off. Therefore, stability is not violated. All these show
that u is stable. By Proposition [1], stability implies efficiency.

Finally, we show that no agent can benefit from misreporting under ASD. First notice,
agents cannot affect the set of seated agents. Moreover, no agent can affect the seat assign-
ment of the earlier agents. All these, as well as Lemma [2] imply that no agent can benefit

by misreporting her preferences under ASD, i.e., ASD is strategy-proof. m

Proof of Theorem[3. Consider an arbitrary problem t>. Let ASD(r>) = u. By Theorem ,
i is stable. Assume for a contradiction that there exists another stable matching p'.

We first claim that pug \ g = 0. Assume for a contradiction that ug \ py # 0. Let i be
the best ranked agent in pgs \ ps according to >. This implies that for each j € U(i), either
J € s N g or py =y = . Note that pj = () and p; # ). Therefore, we have a matching
p where p; # 0 and U(i) N 'y € U(i) N ps. This contradicts the stability of /. Hence, we
have pg C . This, as well as the stability of u, implies that pug = p.

Suppose that p # ¢/. Without loss of generality, let ¢ be the highest-priority agent who
is not indifferent between matchings, and, without loss of generality, let u P; p/. Then, p/
cannot be stable, because of the violation of the stability’s second condition, contradicting

the stability of 1. O

Proof of Proposition[3. First, if each agent receives a seat under ASD, then there is nothing
to prove, as it already implies the maximality of the ASD outcome. Suppose that agent ¢
does not receive a seat, implying that she is not seated in Step 1 of ASD. For the rest of
the proof, we only consider the Step 1 of ASD.

Agent 7 cannot be seated in Step 1 whenever either all seats are already taken or there is
only one seat left whose adjacent seat is taken by an agent, say j, of an incompatible type.
If no agent k follows agent j in the ordering who is compatible with the latter, then one

seat is left empty. Otherwise, it is taken as well, implying that no seat is left unassigned.
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These imply that ASD’s outcome, if not maximal, assigns one seat less than a maximal

matching. [

Proof of Theorem[3. Consider an arbitrary problem (>, >). Let > be an improvement over
> for agent i. Let ASD(>,>') = p/ and ASD(>,>) = u. First, if g; = (), then there is
nothing to prove. Let us suppose that p; # (). Let i be the k™ agent in the ordering under
>, that is, 1 = 7.

By the definition of Step 1 of ASD, it is immediately apparent that pg = p's. Then, by
the stability of p and g, it must be that p R;, ¢ and g/ R;, p. That is, i is indifferent
between p and y’. The same is true for all agents until agent i, under >'.

Assume for a contradiction that p P, p/. Then, ' cannot be stable, as us = ps, all the
agents having a higher priority than i, under >’ are indifferent between p and y’, and agent

iy prefers p to p/. This shows that ¢/ R; p, completing the proof. O

D Simulations

This section uses computer simulations to measure possible gains from replacing the
first-come-first-served based M SD with ASD. We calculate the fractions of agents assigned
to a seat under M SD and ASD under different seating restrictions and various scenarios
based on the number of agents, correlation in preferences over seats, and type distributions.
Moreover, we also calculate the number of instances in which priorities are violated when
there is no restriction on the seating.

We run separate simulations under different seating restrictions. We focus on the restric-
tions in which (1) only the same type of agents can be seated in the same row (same-type
compatibility case) and (2) one type of agent can be seated with any type of agent, whereas
the agents with the other type cannot be seated in the same row (joker type case). We do
not consider the case in which only agents with different types can be seated in the same

row since under both M SD and ASD, maximal assignment is achieved (see Proposition
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and Theorem . Moreover, we do not consider the case in which agents of one type cannot
be seated with any other agent, since we do not have an example of this case in practice,
and the amount of waste might be huge depending on the priority order considered.

Under all cases, |N| agents*! are ordered according to their booking times, and no two
agents book at the same time. Hence, we have a strict priority order over the agents. Instead
of randomly choosing the type of each agent with the same probabilities, we consider different
distributions in which the first half of the agents and the second half of the agents have the
same probability of being type 1 and type 2, respectively. For the first half of the agents,
an agent is type 1 (type 2) with probability § € {0.1,0.2,0.3,0.4,0.5} (1 — §), and for the
remaining half of the agents, an agent is type 1 (type 2) with probability 1 — ¢ (J). Here,
our goal is to have a population with equal shares of both types.

To construct the preference of each agent i, we calculate her /his utility from being as-

signed to each seat s as follows:

Ui,s = X CS+(1 —Oé) X Di,sa

where Cy € (0, 1) represents the common utility received by all individuals from seat s and
D; s € (0,1) represents the individual specific utility received by agent i from seat s. Both
Cs and D, s are selected from i.i.d. standard uniform distribution. The correlation between
the preferences of the agents is captured by variable a € {0,0.25,0.5,0.75,1}. The higher
the « is, the more correlated preferences are. The calculated utility values of agents over the
seats are used to construct the ordinal preferences of agents over the seats.

We set the number of rows to 50 and the number of seats to 100. We consider five
different cases based on the number of agents, namely 80, 90, 100, 110, and 120. When the
number of agents is less than the number of seats, there is less competition for the seats,
and, in the unrestricted case, every agent can be seated. On the other hand, when the

number of agents is greater than the number of seats, the competition is more fierce, and

41We take |N| as an even number.
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some agent has to be unassigned. Our theoretical results imply that in the joker-type case,
ASD achieves maximal assignment. In the same-type compatibility case, when the number
of agents is 80 or 90, ASD assigns each agent to a seat. Moreover, ASD will waste at most
one seat for the remaining cases when only the same type of agents can be seated together.
Our simulations verify these theoretical results. On the other hand, under M.SD, we observe
many wasted seats, specifically for a lower level of § and the same-type compatibility case.
In particular, M'SD performs poorly when the number of agents is less than the number of
seats. This follows from two key facts: (1) when there are fewer agents than seats, there
is less competition for the seats, and agents are not seated due to the skewed distribution
of bookings, and (2) when there are more agents than seats, we can find enough agents to
fill them. On the other hand, in the joker case, the waste under M.SD is considerably low,
which is due to the fact that one type of agent can be seated next to any type. We also
observe that a does not affect the ratio of agents seated under MSD to that under ASD.
We present our simulation results for the same-type compatibility and joker-type cases when

a = 0.5 in Figures [3| and [4] respectively.
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Figure 3: Ratio of seated passengers under MSD compared to ASD under same-type com-
patible

We also conduct a simulation analysis in the unrestricted case. In this scenario, both
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Figure 4: Ratio of seated passengers under MSD compared to ASD under joker type

MSD and ASD do not waste any seats, meaning that either all agents are seated or all
seats are allocated to some agents. In the unrestricted case, stability implies that no agent
would like to swap his/her assignment with another agent with a lower priority. As shown
in Section 4.2, ASD is stable. By using our simulations, we calculate the fraction of agents
who would like to swap their assignment with a lower priority agent under MSD. We call
such a situation a priority violation. The simulation outcomes are not affected considerably
by the level of §. For that reason, we focus on the case where 6 = 0.5 and provide the results
for different levels of «, and the number of agents in Figure 5] As preferences become more
correlated, we observe higher levels of priority violations in all cases. Moreover, we observe
higher levels of priority violations when there are fewer agents than seats. This is due to
the fact that, when preferences are correlated, agents with lower priority are seated in the

unfilled rows since they pick later than the higher priority agents.
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Figure 5: Fraction of agents whose priorities violated under MSD
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